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The author considers the induction interaction of an expanding vari- 
able-conductivity plasmoid which is temperature dependent. The ex- 
ternal uniform magnetic field is specified as an arbitrary function of 
time. 

The following two problems are solved assuming a small hydromag- 
netic-interaction parameter (product of the magnetic Reynolds num- 
ber and the ratio of the characteristic values of the magnetic pressure 
to the static plasma pressure): expansion at constant velocity and ex- 
pansion into free space. 

The work A done by the plasma against the electrical body forces and 
the Joule losses Q in the plasma per unit time are calculated. 

A relative analysis of the degree of isoentropicity of the expansion 
process or the internal efficiency ~ = (A - Q)/A as a function of the 
magnetic Reynolds number, adiabatic curve, and plasmoid shape 
(plane-symmetric and axisymmetric) is given. 

The results of this calculation can be used as a rough estimate of the 
efficiency of the MHD method for converting thermal energy into 
elec=ical energy. 

Cons ide r  the  o n e - d i m e n s i o n a l  p l a n e - s y m m e t r i c  and 
a x i s y m m e t r i c  expans ions  of an idea l  i n v i s e i d  con-  

duct ing gas in an ex t e rna l  un i fo rm magne t i c  field.  We 
sha l l  make  use of the fol lowing a s sumpt ions :  1) for  the 
p l a n e - s y m m e t r i c  e a s e ,  at t i m e  t = 0 the gas is found 
within  the i n t e r v a l  - a  0 _< r __< a 0 which is bounded along 
the r - a x i s  but not in the o ther  two d i r ec t i ons  p e r p e n d -  

i c u l a r  to  the  r - a x i s .  
Fo r  axia l  s y m m e t r y  and t = 0 we have  a c y l i n d r i c a l  

co lumn of conduct ing gas  which has  a r ad ius  r = a 0 and 
is inf ini te  along the z - a x i s ;  2 ) t h e  magne t i c  f ie ld  H(t) 

outs ide  the p l a s m a  is  known and p a r a l l e l  to the z - a x i s  

(pe rpend icu la r  to the  d i r e c t i o n  of gas  motion);  3) the 

d i s p l a c e m e n t  and hea t - conduc t ion  c u r r e n t s  a r e  i g -  
nored ;  4) as  in [1], we a s s u m e  expans ion  is un i fo rm 
and spec i fy  the ve loc i ty  of the m e d i u m  as v = r a '  ( t ) /  
/a( t ) ,  w h e r e  a(t) is an unknown law govern ing  the m o -  

t ion of the gas  boundary;  5) the quant i ty  SRm (hy- 
d r o m a g n e t i c - i n t e r a c t i o n  p a r a m e t e r )  is much l e s s  than 
1, w h e r e  S is  the r a t i o  of the c h a r a c t e r i s t i c  magne t i c  
p r e s s u r e  to the s ta t ic  gas p r e s s u r e  and R m is  the 
magne t i c  Reynolds  number ;  6) the  gas  conduct iv i ty  

is  a funct ion of t e m p e r a t u r e  and def ined by the f o r m u l a  

= ~o(T/To)  ~ (n>~O). (1) 

H e r e  a0 is  the conduct iv i ty  fo r  T O chosen  as the 
t e m p e r a t u r e  sca le .  Expans ion  t akes  p lace  in the d i -  

r e c t i o n  of the  r - a x i s .  
Given the above a s sumpt ions  (1)-(5) ,  the d i m e n -  

s i on l e s s  nons t a t i ona ry  MHD equat ions  in Lag range  
c o o r d i n a t e s  ~, r have  the f o r m  

(~ r ) t OP 
= ~ ) ) '  ~ = t , uMo'~a' (~) a (T) - -  

, p O ~ '  

, v~0 , Rm ~ 4~6oaoVo). " ( • M~ = V n--ff~o/p0 

ap ~ + i  , ap P op P = p T  (2) 
0 - ~ = - 7 ~ 7  a (~ )p '  ~ = •  0~'  

w h e r e  ~ is  the adiabat ic  exponent  and M 0 is  the Much 
n u m b e r .  The p r i m e  r e p r e s e n t s  d i f f e ren t i a t ion  with 

r e s p e c t  to the v a r i a b l e  r. 
In the p l a n e - s y m m e t r i c  c a s e  a = 0 and in the c y -  

l i n d r i c a l  c a s e  o~ = 1. The fol lowing no t a t i on i s  u s e d f o r  
the d i m e n s i o n l e s s  quant i t ies :  

p~ H = _ H  o P =  p = p o  
Hoo ' -~'o' po ' 

~o votO ~o 

VO ao ~0 

Here  the c i r c l e  s u p e r s c r i p t  denotes  d imens iona i  

v a r i a b l e s  and the z e r o  s u b s c r i p t  t he i r  c h a r a c t e r i s t i c  

va lues .  
In the second and four th  equat ions  of s y s t e m  (2) 

the second t e r m s  on the r igh t  which a r e  of o r d e r  SR m 

a r e  omi t t ed  (assumpt ion  (5)). 
The two las t  equat ions  in (2) a r e  i n t eg ra t ed  d i r ec t ly :  

p = l (D a-(~*l) (T), P = ~ (~) p~. (3) 

H e r e  f (~ )  and qo(~) a r e  funct ions of the Lag range  

coo rd ina t e  ~; in th is  c a se ,  one can  be a r b i t r a r i l y  

spec i f ied .  We a s s u m e  that p(~), which c h a r a c t e r i z e s  
the in i t ia l  g a s - p a r t i c l e  en t ropy  d is t r ibut ion ,  is such 
an a r b i t r a r y  function.  

Subst i tut ing (3) into the second equat ion in (2) and 
us ing  the s e p a r a t i o n - o f - v a r i a b l e s  method  we obtain  
the fo l lowing two equat ions  for  d e t e r m i n i n g  the func-  

t ions  f(~) and a(r)  : 

d 
d--~ (e~f~) = L~M~ a" (v) = - -  s ~+~ (~-1)] (v). (4) 

Upon in tegra t ing  (4) we obtain 

] ( ~ ) = ~ #  [ ~ , ( u - - t ' M  ~C o ~ - t - C ]  (5) 

a 

2~. z(t-x)(t§ l dz = T. (6) 
C~ (i -- ~) (i + ~) 

i 

Formula (5) defines the gas density distribution 

with respect to ~, while (6) characterizes the law 

governing the motion of the plasma boundary (~ = • 
A solution similar to (6) has been obtained in [2]. In 
view of the space symmetry of the problem we shall 

henceforth consider the solution in the region ~ E 

[0, i] .  
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Thus,  for the gasdynamic  quant i t i es ,  we have the 
fol lowing e x p r e s s i o n s  which depend on the th ree  a r -  
b i t r a r y  cons tan t s  C, C:, and k mid the a r b i t r a r y  func-  
t ion ~9([): 

2k (I+~)}'/,, 
v = ~{C1 (i --• + a) [a (v)](l=x) (7) 

-Y~ 3 l l •  
_ [~([)] F.. i )Mo'  s 5d~ q -C]  , (8) 

[a (~)l (l+~) * ,) 9i/. (~) (9) 

Here  a(r) is  defined by r e l a t i o n s h i p  (6). 
We now cons ide r  the solut ion of the induct ion e q u a -  

t ion ( f i r s t  equat ion in  (2)). To do th is  we s e p a r a t e l y  
cons ide r  two cases .  

a) Expans ion  with a cons tan t  boundary  veloci ty  (X = 
= 0). We specify the in i t i a l  and boundary  condi t ions  as 

v (L 0) = L p ( i ,  0) = i ,  ( i 0 )  

0, _~l~_o=0,  H ( I , ' ~ ) = H o ( * ) .  (11) H([ ,O)=b= l, 

The c h a r a c t e r i s t i c  quant i t ies  wil l  be the veloci ty  of 
the boundary  with r e s p e c t  to the p lane  (axis) of s y m -  
m e t r y ,  and the p r e s s u r e ,  dens i ty  (for ~ = 0) and m a g -  
ne t ic  f ield outs ide the p l a s m a  at r = 0. 

Equat ions  (6)-(9) ,  (10), and (11) y ie ld  

a ( + )  = I + + ,  v = ~, p = ( l + ~ ) - ( l + ~ ) ,  

P = (1 + ~)-~(~+% (12) 

F r o m  (1) and (3) for  go(0 = 1 and the equat ion of 
s ta te  P = pT for the d i m e n s i o n l e s s  conduct iv i ty  it  is 
not diff icul t  to obta in  the fol lowing r e l a t i onsh ip  as a 
funct ion  of density. 

= 9<~-~) ~ .  ( 1 3 )  

Substituting this expression for ~ and expression 
(12) for a(r) into the induction equation in (2) we obtain 

(1 -~- '~) ~- O-~a) (x-1)nOHto.~ = R mt ~otl 0~,0 (~'~.~t..~),c3Ha\ 

H,  = (1 + , ) ' + "  H([, % 

F r o m  (11) we have the boundary  condi t ions  

- H1 ( L  O) = b, [OH,/O~]~=o = O, (14) 

H ,  (1, r) = (t + ~)~+" Ho (~). (15) 

To solve p rob l em (14), (15) we can u s e t h e i n t e g r a l -  
t r a n s f o r m a t i o n  method for f ini te  va lues  of ~ [3]; o m i t -  
t ing  the i n t e r m e d i a t e  s teps  the f inal  e x p r e s s i o n  is  

co 

xexp ( 
.Ly~ (l + z)(l+~) (• n-I _ 1 \ 
R~ ( l + u ) ( u - - l ) n - - I ) x  

xii /(, 
--0 

xexp ()Q~ 
\ am 

(1 --  T)(I§ (~--1) n--1 - -  I ) 
(t + ~ ) ( x - - t ) n - - I  dT~- 

+ 1 --  b} K ( ~ ) .  (i 6) 

R is a s s u m e d  that  (1 + a)(.~ - 1) n - 1 ;~ 0; c a l c u -  
la t ion y ie lds  

C~ = (-- 1) ~-~ 4 (2~-1 )~ '  K(~.~[) = costal ,  

~y (2~--1)~ for ~ = 0  (17) 
-- 2 P 

2 , K(k.,[)=Jo(k,~) for a = l .  (18) Cv = ~'v "11 (~'-,) 

Here  J1 and J0 a re ,  r e spec t ive ly ,  f i r s t - o r d e r  and 
z e r o t h - o r d e r  Besse l  funct ions  of the r ea l  a r g u m e n t  
and the c h a r a c t e r i s t i c  n u m b e r s  k 7 a r e  found f rom the 
equation J0(X~) = 0. 

When {1 + ~) (~ - 1) n - 1 = 0, ins tead  of (16) we 
have 

i co Cv 

H(L ~) = H0(~) 0 +~)(~+~)~=, (i +~)z~ /~ j  • 

r 

• -3E [(1 + ~)l+~ Ho] (1 + "Q~'d%~d'~ + 

+ 1 - -  b} K(~.y~). (19) 

b) Expans ion  into f r ee  space (k ~ 0). Here we con-  
s ide r  the subcase s  in which v(~, 0) = 0 (zero in i t i a l  
veloci ty)  and v(~, 0) = ~ (nonzero  in i t i a l  velocity) .  In 
the f i r s t  subcase  the veloci ty  sca le  is the speed of 
sound when r = 0, ~ = 0; in the second case  the t ime  
sca le  is the in i t i a l  gas veloci ty  for r = 0, ~ = 1. The 
c h a r a c t e r i s t i c  p r e s s u r e  and dens i ty  a r e  the s ame  as 
in case  (a). 

Now, f rom (7), (9) and the condi t ion (p(~) = t ,  we 
have 

4 
C - - l ,  C x = v +  (u - -  l p  (t + a) MoZ ' 

2 s 
(~ - -  i )  M o  ~'" ( 2 0 )  

The las t  condi t ion  follows f rom the e x p r e s s i o n  
P(1, r) = 0 

v = 0  for  v(~, 0) = 0 ,  

)~= I for v (~ ,0 )  = [ .  

Moreover ,  when v = 0, we should set  M o = 1. 
Thus,  a l lowing for  (20), f rom (7)-(9) we ob-  

ta in  

4 / t  a (i-~) (i+~))-l% 
Y = ~ V-{ ( x - - l ) ~ ( i - l - a ) M 0  2 - x - - -  "j ' 

l ( 2 i )  p = (1 -- [~)t/~-~ l__A_ - P = (i -- ~')~/~-~ ~ (~+~) . a ~+~ (~) ' 

Here  a = a(r) is defined by r e l a t i o n s h i p  (6); when 
we allow for  (20), this  r e l a t i onsh ip  takes  the fo rm 

i + 4 (t--zU-~~176 T. (22) t (• __ I p  ( i  + a) Mo -~ = 
1 
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We subs t i t u t e  the e x p r e s s i o n  for  the  conduc t iv i ty  

a ---~ (1 - -  ~ ) n  a-(• (t+~) n (23) 

into the  induct ion  equat ion in (2) and  change  to the new 
dependen t  v a r i a b l e  H i = a ~+~ H(~, 7); we now have  

a~+(~ -X) o+~) ,~OH, _ t 1 O [" ~ OIt,] (24) 
o~ - -  ~,~ ~, o~ L(l --~)'~ a~ j" 

As b e f o r e ,  the  b o u n d a r y  and in i t i a l  condi t ions  a r e  
w r i t t e n  as  

[agdagk=o=o, H~(I,  ~ ) = H o  (~) a t+', 

H ( ~ , 0 ) = b - ~  {~ . (25) 

Since  a c c o r d i n g  to  (22) i t  i s  not  p o s s i b l e  to obta in  
an exp l i c i t  r e l a t i o n s h i p  be tween  a and r in the  g e n e r a l  
c a s e ,  it  i s  m o r e  convenien t  to p e r f o r m  d i f f e r en t i a t i on  
with r e s p e c t  to  the  v a r i a b l e  a r a t h e r  than  T in (24). 
The o p e r a t o r  

T h e r e f o r e ,  c a l cu l a t i on  in (24) y i e l d s  

. OH~ 
~ ~ ( l  - -  ~')~ ?'~ J 

(a) = a ~+O-') (~+.)n X 

4 (t - -  a a-~) ('+~))]'/'. 
X [ t  "-I- (:4__1)~(t + ~)Mo~. 

H e r e  cond i t ions  (25) t ake  the  f o r m  

[OHdO~]~. o = O, H~(I, a) = a ~ H o  (a), 

(27) 

Hx (~, | )  -~ b. (28) 

For n = 0, it is easy to write the solution to prob- 
lem (27), (28) in an analytic form similar to that of 

ease (a): 

(a, ~) = Ho ( a ) - - ~  x H 

~o 2 a 
~v da 

C 

--b K,(i~i) (29) 

H e r e ,  Cy, K(Xy~) and X T have  the  s a m e  mean ing  as  
in (a). F o r  n ~ 0 the  p r o b l e m  is  n u m e r i c a l l y  so lved  by 
the  g r i d  me thod  [4] us ing  the  EVM-20 c o m p u t e r .  

We sha l l  c a l c u l a t e  the  work  A done by the  p l a s m a  
aga in s t  the  e l e c t r i c  body f o r c e s  and the Jou le  l o s s e s  
Q in a conduct ing  gas .  The values�9 of both  quan t i t i e s  
a r e  g iven  in  t e r m s  of the  unit  of he ight ;  for  G = 0, 
h o w e v e r ,  t hey  a r e  r e f e r r e d  to the  width a 0 of the  
p l a s m a  co lumn ( l aye r ) ;  then,  fo r  the  d i m e n s i o n l e s s  
quan t i t i e s  A ~ and Q~ we have  

1 

o 

1 

0 

(31) 

H e r e  A ~ and QO a r e  the work  and Jou le  l o s s e s  p e r  
unit  t i m e  and q i s  the  s c a l e  unit.  

F o r  expans ion  with  a cons t an t  boundary  ve loc i t y  
(X = 0), Eqs .  (30) and (31) y i e l d  the  fol lowing e x p r e s -  
s ions  a f t e r  the  subs t i tu t ions  of e x p r e s s i o n s  (12), (13), 
(16), and (19) for  v, or, H and t e r m  by t e r m  i n t e g r a -  
t ion  ove r  }: 

,00 

= (a A- t) a~'v (1, "0 ~ i2Ho/'~ (v) ~ K (L.~) ~ d~ --  A o 
�9 Y~I C 0 

1 

0 

Q O =  2 ~ a - l ~ t  

0 

Cy 
/,(~) - (i+,)~+~ x 

Rm (1 + ~) (• --  1) n --  t X 

x {! + x 

r ~-~2 (l~-v)(t+~)(x-1)n-l--! ] d a - F  l - - b }  (33) 
x e x p [ . R ~  ( t + ~ ) ( •  

F o r  (1 + ~ ) ( ~ t -  1) n -  1 ~- O, i f ( 1  + a ) ( ~ -  1 ) •  
•  1 = O w e h a v e  

1, (~) G 
(I + ~) ~w/a~+1+~ 

It  i s  e a s y  to  eva lua t e  the  i n t e g r a l s  with r e s p e c t  to 
~. F o r  ~ = 0, Eq. (17) y i e ld s  

1 

g (Mg) d~ = ( - -  1)'-1 (2T -- t) ~'  
o 

1 1 

o 0 

F o r  ~ = 1 the  quan t i t i e s  K(Xy~) and C 7 a r e  g iven  by 
r e l a t i o n s h i p s  (18); h e r e  

i J1 ()~) 
f K ( ~ , . t g ) ~ d g =  L.~ ' 
o 

1 

o 

1 d z 

o 

We should  r e p l a c e  a('r), v(1, T) and r by  t h e i r  
e x p r e s s i o n s  in (12) and (13). 
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F o r  X ~ 0 a n d  n = 0, t h e  v a l u e s  of A a n d  Q a r e  a l s o  

g i v e n  b y  (32) a n d  (33), r e s p e c t i v e l y ;  t h e  o n l y  d i f f e r e n c e  

i s  t h a t  

]~ ('~) ---- a ~  e x p  - -  ~ ,} ~---~-~yj x 
1 

a a 
x { f d  ~ $,v 2 d a  

1 1 

H e r e  v (1 ,  ~-), a (T) ,  a n d  ~ ( r )  a r e  f o u n d  f r o m  ( 2 1 ) -  

(23) ;  i n  t h e  l a s t  e x p r e s s i o n  t h e  v a l u e  of  p i s  t a k e n  

f r o m  (21) .  

l~ ~k%l~ ~ / /~  

Fig. i 

Numerical calculations were performed for the work A done by 
the plasma against the electric body forces, Joule losses Q in the plas- 
ma per unit time, and the internal efficiency ~ = (A - Q)/A or the 
degree of isoentropicity of the process of piasma expansion in a mag- 
netic field for the case in which the magnetic field at the boundary of 
the expanding layer (column) of gas is constant (H0(r) = 1). The initial 
distribution of the latter is assumed to be constant and equivalent to 
the external distribution (b = 17. 

As an example, Fig. 1 shows some values of A ~ and 7? as functions 
of r for the case X = 0 for c~ = 1, ~ = 5/3, 7/5,  R m = 2 and 6 (solid 

lines 7 and for ct = 0, ~'~ = 5/3, Rm = 2 and 6 (dashed lines); for the 
triangular points in the figure Rm = 2, while for the circular points 
R m = 6 .  

Here the graph of the coefficient 77 for c~ = 0, a m = 6, ~ = 5/3 
almost coincides with the graph of the same quantity constructed for 
c~ = 1, R m = 6, "a = 7/5; thus, a graph of the first is not given in the 
figure. 

Figure 2 iIlustrates A ~ and 77 as functions of r for the case X e 0 
(expansion into free space) for a = 0, ~'~ = 5/3, R m = 2 and 6. The 
solid lines correspond to n = 0 (constant cross-sectional conductivity 
(~ = (J(r)) and the dashed line to n = 3/2 (variable cross-sectional con- 
ductivity o = c~(g, r)7. 

From the above calculations it follows that: 
17 For plane-symmetric expansion (a = 0), the values of the coef- 

ficient ~ are greater than for the axisymmetric case (c~ = 1). 
2) The value of 77 depends considerably upon the adiabatic expo- 

nent of the gas (i. e . ,  on the working fluid). As is clear from Fig. 1, 
the coefficient ~? is greater for a diatomie gas (~ = 7/5) than for a 
monatomic one (x = 5/3). 

37 As R m increases the degree of isoentropicity ~ in the expansion 
process increases and approaches unity as Rm -" co. 

4) For a given initial magnetic-field distribution b = 1, we have 
> 0 f o r T > 0 .  R m > 0 a n d s = l  for r = 0 .  

If we assume that at r = 0 the magnetic field in the plasma is not 
equal to the external field over the entire cross section ( i . e . ,  b e 1), 
then for finite Rm there exists some intermediate time 0 -< r -< ri, 
defined by the values of the dimensionIess parameters; here ~ -< 0 

and only for 7 > r i do we have ~ > 0, which was noted earlier in 

[5, 6]. 

1 I / 
s R~,=e t 

g 
1.8 24 

F i g .  2 

Figure 3 shows the magnetic-field distribution over the cross sec~ 

tion of the conducting plasma layer for the case X ~ 0 (,expansion into 

free space 7 for c~ = 0, y~= 5/3, N -- 3/2 and y = 0. The triangles cor- 

respond to Rm = 2 and the circles to R m = 0.5. 
Note that when the gas has a finite conductivity, part of the work 

A done by the plasma against the emf forces is dissipated in the work- 
ing gas in file form of Joule hear. Another fraction of this power goes 
into changing the magnetic-field energy in the volume occupied by 
the moving plasma; still another fraction goes into work done against 
external sources; this is necessary in order to maintain a constant mag- 
netic field ahead of the expanding plasma layer (column). 

The author wishes to thank L. A. Zaklyaz'minskii for his valuable 
comments and his interest in the study. 

/.0 ' ~  

tZ6 

a41 i F 
0 ! 

Fig. 3 
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